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Steady developing flow of an incompressible Newtonian fluid in a curved duct of 
square cross-section (the Dean problem) is investigated both experimentally and 
numerically. This study is a continuation of the work by Bara, Nandakumar & 
Masliyah (1992) and is focused on flow rates between Dn = 200 and D n  = 600 
(Dn  = Re/(R/a)' /2,  where Re is the Reynolds number, R is the radius of curvature 
of the duct and a is the duct dimension; the curvature ratio, R/a, is 15.1). 

Numerical simulations based on the steady three-dimensional Navier-Stokes equa- 
tions predict the development of a 6-cell secondary flow pattern above a Dean number 
of 350. The 6-cell state consists of two large Ekman vortices and two pairs of small 
Dean vortices near the outer wall that result from the primary instability that is of 
centrifugal nature. The 6-cell flow state develops near 8 = 80" and breaks down 
symmetrically into a 2-cell flow pattern. 

The apparatus used to verify the simulations had a duct dimension of 1.27 cm and a 
streamwise length of 270". At a Dean number of 453, different velocity profiles of the 
6-cell flow state at 8 = 90" and spanwise profiles of the streamwise velocity at every 
20" were measured using a laser-Doppler anemometer. All measured velocity profiles, 
as well as flow visualization of secondary flow patterns, are in very good agreement 
with the simulations, indicating that the parabolized Navier-Stokes equations give an 
accurate description of the flow. 

Based on the similarity with boundary layer flow over a concave wall (the Gortler 
problem), it is suggested that the transition to the 6-cell flow state is the result of 
a decreasing spanwise wavelength of the Dean vortices with increasing flow rate. A 
numerical stability analysis shows that the 6-cell flow state is unconditionally unstable. 
This is the first time that detailed experiments and simulations of the development of 
a 6-cell flow state are reported. 

1. Introduction 
Flow in curved ducts has been studied extensively since the early work by Williams, 

Hubbell & Finkell (1902), Eustice (1910, 1911, 1925) and Dean (1927, 1928). Most 
studies were focused on engineering applications like friction factor correlations 
(Adler 1934; It8 1959; Van Dyke 1978; Manlapaz & Churchill 1980; Ramshankar 
& Sreenivasan 1988; Liu et al. 1994) and heat transfer (Mori & Nakayama 1965; 
Manlapaz & Churchill 1981). In the last decade the emphasis has shifted towards 
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more fundamental studies of flow development (Hille, Vehrenkamp & Schulz-Dubois 
1985; Yao & Berger 1988; Bara, Nandakumar & Masliyah 1992), transitions and 
bifurcation phenomena (Winters 1987; Kao 1992). Excellent review articles on steady 
developing and fully developed flows in curved ducts are available by Berger, Talbot 
& Yao (1983), Nandakumar & Masliyah (1986), It6 (1987), Bara (1991) and Bara 
et al. (1992). 

1983) that the flow in a curved duct is 
characterized by two non-dimensional parameters : the curvature ratio, &, and the 
Dean number, Dn. In this study, the curvature ratio is defined as & = R / a  where R 
is the radius of curvature and a is the duct dimension. The Dean number is defined 
as Dn = with the Reynolds number, Re = Oea/v. The Dean number is the 
ratio of the square root of the product of the inertia and centrifugal forces to the 
viscous force and is a measure of the magnitude of the secondary flow. In the loose 
coiling approximation, the curvature ratio is assumed to be large, in which case the 
flow is controlled only by the Dean number. 

Fully developed flows in curved ducts of square cross-section were studied by 
It6 (1951), Cuming (1952), Cheng & Akiyama (1970), Cheng, Lin & Ou (1975, 1976), 
Joseph, Smith & Alder (1975) and Shantini & Nandakumar (1986) amongst others. 
The terms fully developed and two-dimensional will be used interchangeably. 

The most complete bifurcation study of fully developed flows was conducted by 
Winters (1987). The primary solution in a curved square duct is a 2-cell flow state with 
two large counter-rotating Ekman vortices, induced by the pressure gradients along 
the top and bottom walls. This main branch is connected to a branch of 4-cell flows 
through two limit points at Dn = 131 and Dn = 113. The 4-cell solution consists of 
two large Ekman vortices and a pair of small counter-rotating Dean vortices near the 
centre of the outer wall that is the result of a centrifugal instability. This 4-cell state is 
unstable with respect to asymmetric disturbances only. Winters also found an isolated 
branch of 2-cell flows and unstable 4-cell flows at Dean numbers above 191. No 
unconditionally stable fully developed solutions exist for Dean numbers between 13 1 
and 191. The location of the limit points varies very little for curvature ratios above 
10, but at smaller curvature ratios the limit points move to increasingly higher Dean 
numbers. Bara et al. (1992) confirmed experimentally the existence of the 2-cell branch 
and the 4-cell branch up to a Dean number of 150, including the dual solution region. 

Daskopoulos & Lenhoff (1989) calculated fully developed flows up to a Dean 
number of 350 and found four additional limit points on the isolated 2-cell branch. 
Three of the secondary flow patterns on these branches show six vortices. 

Developing flows in curved ducts of square cross-section were studied by Ghia & 
Sokhey (1977), Humphrey, Taylor & Whitelaw (1977), Yee, Chilukuri & Humphrey 
(1980), Taylor, Whitelaw & Yianneskis (1982), Hille et al. (1985) and Soh (1988). 
Sankar, Nandakumar & Masliyah (1988) solved a parabolized version of the steady 
three-dimensional Navier-Stokes equations. For a curvature ratio of 100, they found 
sustained spatial oscillations to develop above Dn = 125, in the region where no stable 
two-dimensional solutions exist. These spatial oscillations were recently observed by 
Mees, Nandakumar & Masliyah (1996) in a curved square duct that spirals inwards. 

The most complete study of developing flow in a curved square duct for Dean 
numbers up to 150 was performed by Bara et al. (1992). They investigated both 
experimentally and numerically the flow in a 270" curved square duct with a curvature 
ratio of 15.1. Velocity measurements of the developing flow at Dean numbers 
of 125, 137 and 150 were in good agreement with simulations using the code by 
Sankar et al. (1988). 

It can be shown (e.g. Berger et al. 
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This study is a continuation of the work by Bara et al. and investigates the flow 
development for flow rates up to Dn = 600, using the same apparatus as was used 
by Bara et al. Detailed velocity measurements are compared with simulations based 
on the code by Sankar et al. The emphasis of this work is on a new 6-cell flow state 
that develops above a Dean number of 350. 

2. Governing equations 
The curved square duct geometry used in this study is most conveniently described 

by a cylindrical coordinate system, shown in figure 1: r', 8 and z' are the radial, 
streamwise and spanwise coordinates respectively. The duct walls are located at 
z' = fa /2  and x' = +a/2, where x' = r' - R. The flow perpendicular to the 
streamwise direction, in a plane containing the radial and spanwise components, is 
called the secondary flow. 

The computer code used to track the spatial flow development solves a parab- 
olized version of the three-dimensional, stationary Navier-Stokes equations and 
does not adopt the loose coiling approximation. This code was developed by 
Sankar et al. (1988) and was modified to include the option to impose symmetry 
along z' = 0. The streamwise momentum diffusion terms in the full three-dimensional 
steady-state Navier-Stokes equations were neglected, allowing for a simple marching- 
step method, rather than a global, elliptic solution method. 

The non-dimensional parabolized Navier-Stokes equations for steady incompress- 
ible Newtonian flow are 

Global continuity requires that 
s z - 0 . 5  ~ r = & + 0 . 5  

z=-0.5 r=&-0.5 
vedrdz = 1.0. 

The variables have been non-dimensionalized as follows : 

(2.5) 

P' pa?* r' X' Z' R V' 
, &.=- , v = = ,  p = ~ ,  Re=- ,  r = - =  &+x, x = -  z = -  

P PO$ a a '  a a v$ 
where the prime denotes dimensional quantities. 

The simulation uses a simple approximation of the analytic solution for fully 
developed laminar straight duct flow as inlet condition. This approximation is within 
1% of the analytic solution (Shah & London 1978). 

The equations were solved using the SIMPLE algorithm as outlined by Patankar 
(1980). Equally spaced grids were used in the (x,z)-plane, ranging in size from 51 x 51 
to 151 x 151 points. Streamwise step sizes ranged from 1/4" for a coarse grid to 
1/256" for the finest grid. The calculations were performed in double precision on 
IBM RS/6000 375 and 560 machines. 
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FIGURE 1. Cylindrical coordinate system. 

3. Experimental setup 
A schematic of the experimental setup is shown in figure 2. The curved section of 

the apparatus has a square cross-section of 1.27 cm and a curvature ratio, R, = R/a ,  
of 15.1. The curved duct is 270" long and is aligned in a horizontal plane. A stilling 
chamber and a 1 m straight inlet section were designed to provide a fully developed 
flow field at the inlet of the curved section for flow rates up to Dn = 225. A 
detailed description of the apparatus is given by Bara (1991) and Bara et al. (1992). 
The inlet and curved sections were made out of Plexiglas, in order to make velocity 
measurements and flow visualization possible. The apparatus can be rotated in a 
horizontal plane around the centre of curvature. This allows velocity measurements 
at different streamwise positions in the duct. In order to limit the buoyancy-driven 
secondary flows and viscosity variations, the temperature of the water was controlled 
to be within 23.1"C kO.l0C. 

Fluid velocities were measured with a one-component laser-Doppler anemometer 
that can measure either streamwise or spanwise velocities. Silicon carbide particles 
with a mean diameter of 1.5 x m and a density of 3.2 x lo3 kgmP3 were used 
to generate Doppler signals. The system was operated in backscatter mode, using the 
blue line (488 nm) of a 3 W Coherent Innova 90-3 Argon-ion laser with a typical 
laser power of 600 mW. Dantec 55X modular optics were used in combination with 
a Dantec 55N10 frequency shifter and a Dantec 55N20 Doppler frequency tracker. 
Dantec 57H10/57H 11 traversing mechanisms provide spanwise and radial movement 
of the measuring volume. 

Secondary flow patterns were made visible by illuminating a cross-section of the 
duct with a laser light sheet and injecting laser fluorescent dye at the beginning 
of the straight inlet section. A schematic of this setup is shown in figure 3. Af- 
ter the laser beam is reflected by the prism bridge, the beam either enters the 
LDA optics, or enters an input coupler for a 250 pm multi-mode fibre-optic ca- 
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FIGURE 2. Schematic of the experimental setup. 

Computer 

FIGURE 3. Schematic of the setup used for cross-section flow visualization. 

ble. This fibre-optic cable is connected to a portable laser light sheet, created by 
a 10 mm focal length cylindrical lens. At the beam waist, the laser sheet is 1 
mm wide and 2.5 cm long. The laser power of the sheet was typically around 
500 mW. A Plexiglas viewing block, that can be positioned anywhere along the 
duct, corrected for some of the curvature effects. The gap between the viewing 
block and the duct was filled with a thin water film. Dye patterns were filmed 
with a Sony CCD-V801 video camera recorder and stored on 8 mm video tape. 
A NeXTdimension computer was used to select, scale and enhance frames from 
this tape. 
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4. Inlet flow 
Flow phenomena in open systems such as a curved duct can be very sensitive to up- 

stream flow disturbances. Velocity fluctuations at the inlet of the curved section should 
therefore be kept to a minimum. Also, numerical simulations are most accurate when 
the experimental inlet velocity profile is used as inlet condition for the simulations. 
Bara (1991) showed that for Dn up to 200 the inlet flow is fully developed. In this 
study however, flow rates as high as Dn = 550 (Re  = 2138) were used. This made it 
necessary to have a close look at the inlet flow conditions at these higher flow rates. 

Owing to elliptic effects of the downstream curved duct flow, the velocity profile at 
the inlet of the curved section could deviate from fully developed straight duct flow. 
Humphrey et al. (1977) observed strong elliptic effects in a tightly curved square duct 
with curvature ratio 2.3. They showed numerically the presence of a 2-cell secondary 
flow at the inlet plane. Inlet secondary flows were about half the strength of the 
secondary flows at 8 = 90". Bara (1991) did not expect significant elliptic effects in 
the large-curvature duct used in this study (R, = 15.1), and this was confirmed by a 
simple simulation using the commercial package CFDS-FLOW3D. 

Inlet velocity profiles were measured at 5 hydraulic diameters upstream of the 
curved section for flow rates up to Re = 2329 (Dn = 599) and compared to the 
analytic solution for fully developed laminar straight duct flow (Shah & London 
1978). At Reynolds numbers of 397 and 774, the measured velocity profiles are within 
1% of the analytic solution. At flow rates higher than Re = 1162 ( D n  = 300), the 
difference between the measured velocity in the centre of the duct and the analytic 
solution increases gradually to 12% at Re = 2329 (Dn = 599). Flat regions of the 
velocity profiles at Re = 1945 ( D n  = 500) and Re = 2329 (Dn = 599) indicate that 
the boundary layers have not merged yet. These results are in agreement with the 
experiments by Goldstein & Kreid (1967). They found that L / a  = 0.09Re, where L 
is the development length. Based on this correlation, the flow in the 1 m long inlet 
section reaches fully developed flow up to Re = 875 (Dn = 225). 

Since the highest flow rates in this study (Re  = 2329) approached the transitional 
region for turbulence, the intensity of the inlet flow fluctuations was measured. The 
measured fluctuation intensities varied between 2% and 17% (RMS over mean) 
and did not contain any dominant frequencies. These measured signal fluctuations 
were very sensitive to the range and shift settings of the Doppler frequency tracker, 
suggesting that most of the signal fluctuations are the result of measurement noise. 
The signal fluctuations did not increase with flow rate, which indicates that the flow 
is in the laminar regime in the full range of flow rates. Velocities of the steady flow 
states presented here were measured using a low pass filter, which reduced the signal 
fluctuations to less than 1%. 

Slow velocity fluctuations at a time scale of several minutes were an indication of 
a slight unsteadiness of the flow. At flow rates of Re = 1940 and Re = 2330, these 
slow fluctuations were between the 1% and 4%, and varied from day to day. The 
unsteadiness is believed to be the result of slow varying random disturbances, such 
as the temperature of the laboratory. Details on all aspects of the inlet flow are 
documented in Mees (1994). 

P. A .  J .  Mees, K .  Nandakumar and J .  H .  Masliyah 

5. Transition to 6-cell flow 
Bara et al. (1992) calculated the flow development for a curvature ratio of 15.1 and 

flow rates up to Dn = 250, using the same parabolized Navier-Stokes equations used 
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the development to 0 = 2000" at various Dean numbers. 
Calculated flow development diagrams of the radial velocity at x = 0.4, z = 0, showing 

in this study. At Dean numbers between 130 and 200, they predict the development 
of spatial oscillations between a 2-cell and a 4-cell state. The breakdown of the 4-cell 
flow is an asymmetric process, during which the Dean vortex pair alternately moves 
up or down along the outer wall and folds up into one of the Ekman vortices. The 
numerical simulation predicts these spatial oscillations to continue up to a streamwise 
position of at least 3000". These spatial oscillations have been observed up to 
6' = 2340" in a curved square duct that spirals inwards (Mees et al. 1996). These 
results are in agreement with Winters' conclusion that for Dean numbers between 
131 and 191 no stable fully developed flows exist. The flow transitions that take place 
for Dean numbers up to 600 are summarized in figure 4. 

Our calculations show that for Dean numbers between 250 and 300 the flow 
develops towards a steady 2-cell flow, most likely corresponding to a stable 2-cell 
solution on the isolated branch calculated by Winters. 

At Dean numbers between 350 and 500 the development of a 6-cell flow state, 
consisting of a pair of Ekman vortices and two pairs of small Dean vortices, was 
observed. The 6-cell pattern develops in the first 100" of the curved duct, and 
immediately breaks down spatially into a 2-cell state, from which a 4-cell state 
develops. 

A 6-cell flow state with two pairs of Dean vortices was not predicted by the 
bifurcation studies of two-dimensional fully developed flows by Winters (1987) and 
Daskopoulos & Lenhoff (1989). The additional cells of the 6-cell flow states calculated 
by Daskopoulos and Lenhoff do not seem to form pairs of counter-rotating vortices. 
However, two-dimensional flows with more than one Dean vortex pair have been 
observed in curved rectangular ducts with aspect ratios between 8 and 30 (Finlay & 
Nandakumar 1990; Thangam & Hur 1990). It seems therefore likely that a 6-cell 
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flow state with two pairs of Dean vortices might occur as a two-dimensional solution 
of curved square duct flow. Based on Benjamin's view on primary mode exchange 
(Benjamin 1978a,b), this 6-cell flow might be stable at suitably large aspect ratios. 
An extensive bifurcation study for higher flow rates would have to be conducted to 
determine whether this 6-cell flow corresponds to a fully developed state or not and 
how it unfolds with changing aspect ratio. It will be shown later that if this two- 
dimensional 6-cell flow exists in a square duct, it is unstable to arbitrary perturbations. 

The development of two pairs of Dean vortices can be explained by comparing our 
geometry with boundary layer flow over a concave wall, the Gortler problem. In the 
Gortler problem the flow in the boundary layer is centrifugally unstable, which causes 
a transition to streamwise, counter-rotating Gortler vortices in the boundary layer. 
Because of the unbound nature of the flow, Gortler vortices develop continuously 
in the streamwise direction, until the flow breaks down into turbulence (Bippes & 
Gortler 1972). 

The spanwise wavelength of streamwise Gortler vortices formed in the boundary 
layer over a concave wall is measured by the dimensionless parameter 

where I I ~ , ~  = free-stream velocity, j lG  = dimensional wavelength in the spanwise 
direction. 

It has been shown both experimentally and numerically that wavelengths with 
AG = 210 generally have the largest primary growth rates (e.g. Bippes 1972; Floryan 
& Saric 1984 and Guo & Finlay 1994). This means that the preferred dimensional 
wavelength is proportional to ( v ; , , ) - ~ / ~  so that the size of the Gortler vortices decreases 
with increasing flow rate. Because of the centrifugal nature of both Dean and Gortler 
vortices, the former can also be expected to decrease in size with increasing flow rate. 

In a curved square duct the number of Dean vortices is restricted by the top 
and bottom walls. With increasing flow rate, a state will be reached where two 
pairs of Dean vortices of the preferred wavelength can develop along the outer wall. 
It is conjectured that at this flow rate the transition to 6-cell flow takes place. The 
presence of the inner wall and especially the lateral walls of a square duct complicates 
the comparison between the Dean problem and the Gortler problem. It is believed 
however that since the mechanism that causes Dean and Gortler vortices is the 
same, comparison with the Gortler problem provides a qualitative explanation for the 
observed phenomenon. 

The evolution towards a 6-cell flow has also been observed experimentally. Sec- 
ondary flow patterns at 8 = 90" and various flow rates are shown in figure 5. At a 
flow rate of Dn = 100 the flow develops towards a fully developed invariant 2-cell 
state. At Dn = 200 the flow develops initially into a fully developed 4-cell state, but 
at 8 = 90" this fully developed state has not been reached yet. At Dn = 300 the single 
pair of Dean vortices that develops initially is very small and has moved down. The 
photograph in figure 5 for Dn = 302.0 shows a streak of dye at the stagnation point 
of this vortex pair at about z = -0.3 and close to the outer wall. The 6-cell secondary 
flow is first observed at Dn = 350, but the two pairs of Dean vortices are very small 
and break down before they can be distinguished clearly. At Dean numbers of 450 
and 550 the two pairs of Dean vortices are very distinct around 8 = 90°, before the 
flow breaks down into a 2-cell state, farther downstream. 

Detailed experimental observations of two pairs of Dean vortices in a curved duct of 
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FIGURE 5. Cross-section flow visualization showing secondary flow at 0 = 90' 
for increasing flow rate. 

squarc cross-scction have not been rcported previously. Arnal, Gocring & Humphrey 
(1992) studied the developing flow in a curved square duct with a curvature ratio of 
3.36 at a Dean number of 764. Their numerical simulations show two pairs of Dean 
vortices at 8 = 135", although the arrows in their figure 5 are pointing in the opposite 
direction. It is not clear whether they observed this 6-cell flow experimentally. 

Six-cell flows have also been observed experimentally in a curved rectangular 
duct with an aspect ratio of 2. Sugiyama, Hayashi & Yamazaki (1983) and 
Sugiyama et al. (1988) reported detailed LDA measurements and flow visualization 
of the development and breakdown of 6-cell flow at a Dean number of 220 in a 
rectangular duct with curvature ratio 8. Numerical simulations for this geometry 
were performed by Miyake, Kajishima & Inaba (1988) and Kajishima, Miyake & 
Inaba (1989) and arc in qualilativc agreement with the cxperimcnts. 

At a Dean number of 600, another new phenomenon is predicted by the numerical 
code. The flow does not develop a 6-cell pattern. Instead, a 4-cell flow is formed 
from the initial 2-cell flow, but no fully developed 4-cell state develops. The size and 
radial position of the Dean vortices keeps changing. In particular, just before the 
4-cell flow breaks down (around 0 = 400"), the Dean vortices oscillate strongly in the 
radial direction. This phenomenon was not investigated any further. 

6. Flow development at Dn = 453 
Flow visualization photographs of the flow dcvclopment at a Dean number of 

453 are shown in figure 6. A distinct 6-cell secondary flow pattern has developed at 
0 = 100". The 6-cell flow breaks down symmetrically into a 2-cell state with one pair 
of Dean vortices folding up in each of the Ekman vortices. The 2-cell state that forms 
after the 6-cell one breaks up remains almost invariant until 0 = 240", although this is 
not obvious from the photographs of figure 6 because of the upstrcam effects on the 
dye pattcrn. A numerical study by Finlay, Guo & Olsen (1993) showed that especially 
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FIGURE 6. Cross-section flow visualization showing secondary flow development at Dn = 453. 

when the flow field changes quickly in the streamwise direction, the dye pattern does 
not represent the local secondary flow accurately. The 2-cell state between 8 = 140" 
and 0 = 240" was confirmed by LDA measurements. 

The simulated flow development diagrams of figure 7 do not show a very high 
grid sensitivity up to 6' = 450". The simulation predicts the development of a 6-cell 
secondary flow around 6' = loo", that breaks down into a 2-cell state. From the 2-cell 
state a symmetric 4-cell pattern develops around 6' = 300". The flow pattern becomes 
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FIGURE 7. Calculated flow development diagrams of the radial velocity at x = 0.4, z = 0, showing 
the flow development to 0 = 1000" at Dn = 453; R, = 15.1. Labels indicate number of cells. Grid 
size and streamwise step size of (a) 51 x 51, 1/4"; ( b )  71 x 71, 1/16"; (c )  101 x 101, 1/32". The 
curves are offset in the vertical direction. 

asymmetric when the 4-cell breaks down between 6 = 500" and 8 = 700", depending 
on the grid resolution. 

Arrow plots calculated with a 101 x 101 grid are shown in figure 8 and agree very 
well with the experiment up to 0 = 120". After that the flow visualization becomes 
hard to interpret. 

In order to obtain a more quantitative view of the observed flow phenomena, 
measured velocity profiles were compared with the simulation. First the 6-cell flow at 
Dn = 453 and 8 = 90" will be discussed in detail. Then a series of velocity profiles, 
showing the streamwise flow development, will be presented. 

A surface plot of the streamwise velocity for Dn = 453 and 0 = 90", combined 
with an arrow plot of the secondary flow is shown in figure 9. The two inflow regions 
with low streamwise velocity near the outer wall are characteristic for the 6-cell flow 
pattern. The inflow jets of each of the two Dean vortex pairs transfer fluid with low 
streamwise momentum away from the outer wall. This leads to two regions with low 
streamwise velocity, represented by the dents in the surface plot. 

A profile of the streamwise velocity measured in the spanwise direction through 
the Dean vortices at x = 0.38 is shown in figure 10(a) together with the simulation 
result. The two minima in the profile correspond to the inflow regions near the 
outer wall. Although there is no perfect agreement between the experiment and the 
simulation, the experimental result clearly shows the presence of two Dean vortex 
pairs. Streamwise velocity profiles measured at x = 0 and z = 0 are shown in 
figures 10(b) and 1O(c) and show very good agreement with the simulation results. 
Spanwise and radial profiles were measured at respectively 63 and 48 positions. 

Careful observation of the arrow plot in figure 9 shows that the spanwise velocity 
along the outer wall changes direction a number of times. The experimental spanwise 
velocity profile at x = 0.47 and the simulation result are shown in figure 10(d). An 
experimental difficulty with measuring spanwise velocities is the alignment of the 
LDA optics. In the measured region, the streamwise velocity is more than an order of 
magnitude larger than the spanwise velocity. Therefore, if the alignment of the optics 
is off by only lo, the contribution of the streamwise velocity to the measured signal 
is about 5% of the magnitude of the spanwise velocity. The error in the alignment of 
the LDA optics was estimated to be at least 1". Although the margin of error is quite 
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FIGURE 8. Calculated arrow plots showing secondary flow development at D I I  = 453; R, = 15.1. 

high, the experimental spanwise velocity profile shows the same direction changes as 
the simulation. 

In the simulation the most significant changes in the streamwise velocity of the 
developing flow take place along the outer wall. Therefore, the experimental flow 
development was compared to the simulation by comparing spanwise profiles of the 
streamwise velocity at x = 0.38. These profiles, taken at every 20°, are shown in figure 
11. The overall agreement between the experiment and the simulation is good and 
shows that the model captures the physics of the flow very well. 
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FIGURE 9. Calculated surface plot of the streamwise velocity and arrow plot showing the secondary 

flow at Dn = 453 and tl = 90"; R, = 15.1. 

The velocity profiles at 8 = 60" show the development of a wide inflow region 
around z = 0. In the arrow plot for 8 = 60" in figure 8 two counter-rotating vortices 
have been formed along the outer wall. At lower flow rates, e.g. Dn = 272, this 
one pair of vortices reaches full development in a 4-cell secondary flow pattern. At 
Dn = 453 however, the two vortices move out towards the top and the bottom walls, 
while two more vortices form in the centre. As the two initial Dean vortices move 
apart, the single inflow region splits up into two inflow regions as shown at 0 = 80". 
These two inflow regions keep moving towards the lateral walls as the 6-cell flow 
breaks up symmetrically. 

The flow reaches a very distinct 6-cell flow state at 8 = 100". The experimental 
profile is slightly asymmetric, but is in good agreement with the simulation. In the 
experiment the 6-cell flow has broken up into a 2-cell flow state at 8 = 120". The 
2-cell flow is characterized by a nearly flat velocity profile in figure 11. At 8 = 120", 
the simulated velocity profile shows signs of Dean vortices in the form of the velocity 
minima near the top and bottom walls. This is the only significant discrepancy 
between the experiment and the model. 

Downstream from 8 = 140" the secondary flow is basically a 2-cell state that 
changes very little with the streamwise position. The velocity profiles at x = 0.38 and 
8 between 140" and 240" show a gradual change from being convex at 0 = 140" to 
flat at 6 = 220" and concave at 8 = 240". All these profiles are in excellent agreement 
with the simulation results. The secondary flow at 8 between 140" and 240" could not 
be determined from the flow visualization, but the measured velocity profiles confirm 
the development of a 2-cell secondary flow pattern. At 8 = 240" a new inflow region 
develops along the centre of the outer wall from which a new 4-cell state is predicted to 
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FIGURE 11. Measured spanwise profiles of the streamwise velocity compared to the simulation at 
Dn = 453 and x = 0.38; R, = 15.1. 

FIGURE 12. Calculated arrow plots showing randomly forming and disappearing Dean vortices at 
Dn = 453; R, = 15.1. 

develop (see the flow development diagram in figure 7). The simulation predicts that 
this 4-cell state will break down asymmetrically into a 2-cell state near 8 = 500". This 
is the first time in the flow development that the symmetry is broken significantly. 

Once the symmetric 4-cell flow has broken down at 0 = 500", the simulation 

FIGURE 10. (a,b) Measured spanwise profile of the streamwise velocity compared to the simulation 
at: (a) x = 0.38, (b)  x = 0. (c )  Measured radial profile of the streamwise velocity compared to 
the simulation at z = 0. ( d )  Measured spanwise profile of the spanwise velocity compared to the 
simulation at x = 0.47. Dn = 453, 6 = 90" and R, = 15.1. 
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predicts an unstructured kind of flow behaviour that can best be characterized as 
a seemingly random sequence of Dean vortex forming and breakup processes. A 
number of arrow plots that demonstrate this flow behaviour are shown in figure 12. 
Simulations on a 71 x 71 grid show that this random behaviour continues up to at 
least 6 = 2000". 

The development and breakup of the 6-cell flow observed here is very similar to 
that observed by Sugiyama et al. (1988) in a curved rectangular duct with an aspect 
ratio of 2 and a curvature ratio of 8. They measured the secondary flow in the full 
cross-section and used dye visualization. At a Dean number of 220 they observed 
the first sign of two pairs of Dean vortices at 6 = 135". The 6-cell pattern is most 
pronounced at 6 = 180" and has broken down symmetrically at 8 = 270". 

7. Flow stability 
Two methods were used to test the stability of two-dimensional solutions, using 

the three-dimensional flow development code : (a) imposing symmetry around the 
horizontal centre line ( z  = 0) and (b )  perturbing the flow asymmetrically. 

By imposing symmetry around z = 0, asymmetries are unable to develop. Therefore, 
a flow state that is only unstable with respect to asymmetric perturbations is stable 
when symmetry is imposed. This is demonstrated in figure 13(a) curve(ii) for a 
Dean number of 300. As shown before, without symmetry the flow at Dn = 300 
develops into a 4-cell state that breaks down asymmetrically into a stable 2-cell state 
(figure 13(a) curve(i)). Imposing symmetry makes this asymmetric fold up process 
impossible, and thus stabilizes the 4-cell flow. 

By perturbing the flow asymmetrically at the inlet of the curved section, the initial 
asymmetries in the flow are increased and dominate the flow behaviour in the first 
stage of its development. The flow is perturbed by setting the streamwise velocity 
along z = 0.06 ( 3  grid points above the centreline for a 51 x 51 grid) to zero. Because 
of these strong asymmetries a symmetric 4-cell state never develops (figure 13(a) 
curve(iii)). Instead, the flow develops towards a stable 2-cell state. 

A similar stability analysis was performed for a Dean number of 500. The results 
are shown in figure 13(b). Without symmetry the flow follows the familiar development 
of a 6-cell flow that breaks down into a 2-cell flow state from which a symmetric 
4-cell develops that breaks down asymmetrically. Only when the 4-cell breaks down 
do asymmetries start to dominate the flow. 

When symmetry is imposed the flow development is very similar up to the symmetric 
4-cell state (figure 13(b) curve(ii)). This 4-cell state is again stabilized by the imposed 
symmetry. The 6-cell flow that develops around 8 = 90" remains unstable. This was 
expected because the breakup of the 6-cell flow into a 2-cell state seems to be a 
symmetric process that is not hindered by imposing symmetry. This result indicates 
that if the 6-cell state corresponds to a fully developed solution, this 6-cell flow is 
unconditionally unstable. 

On perturbing the flow asymmetrically, none of the symmetric flow states de- 
velop. The flow develops generally directly towards a state of randomly forming 
and disappearing Dean vortices, sometimes preceded by periodic spatial oscillations 
(figure 13(b) curve(iii)). 

In summary, the numerical simulations support Winters' result that the symmetric 
4-cell is unstable with respect to asymmetric perturbations only, and show that the 
6-cell flow is unconditionally unstable. 
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FIGURE 13. Calculated flow development diagrams of the radial velocity at x = 0.4, z = 0, showing 
the flow development to 8 = 2000" at (a) D n  = 300, ( b )  Dn = 500; R, = 15.1: (i) no disturbances, 
full domain; (ii) no disturbances, reflectional symmetry imposed at z = 0; (iii) flow disturbed at 
0 = 5", z = 0.06, full domain. The curves are offset in the vertical direction. 

8. Summary 
Experiments and numerical simulations of steady developing flow up to a Dean 

number of 500 (Re = 1945) were reported. Flow visualization and LDA measurements 
were used in the experiments. The simulations were based on the parabolized steady 
Navier-Stokes equations. 

Above a Dean number of 350 a 6-cell secondary flow pattern is observed early 
in the flow development. A first small pair of Dean vortices splits and two new 
vortices are formed in between, resulting in two pairs of Dean vortices. These two 
vortex pairs are the result of the primary centrifugal instability. The 6-cell flow breaks 
down symmetrically into a 2-cell state. This process is very similar to that observed 
experimentally by Sugiyama et al. (1988) in a curved duct with aspect ratio 2. Based 
on the similarity with the Gortler problem, it is suggested that the transition to 6-cell 
flow is the result of a decreasing spanwise wavelength of the Dean vortices with 
increasing flow rate. 

The experimental flow development at a Dean number of 453 was investigated 
in detail. Spanwise and radial profiles of the streamwise and spanwise velocity, as 
well as flow visualization of the secondary flow, are in very good agreement with the 
simulation. The parabolized Navier-Stokes equations capture the physics of the flow 
very well. 

Numerical stability analyses of 4-cell and 6-cell flows were performed by imposing 
symmetry around the centreplane at z = 0 and by perturbing the inlet asymmet- 
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rically. It was shown that the 4-cell flow is unstable with respect to asymmetric 
disturbances, in agreement with Winters’ calculations, and that the 6-cell flow is 
unconditionally unstable. 
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